Lp REGULARITY FOR CONVOLUTION OPERATOR 
EQUATIONS IN BANACH SPACES 

RISHAD SHAHMUROV 

Abstract. Here we utilize operator-valued Lq — > Lp Fourier multiplier the- 
orems to establish lower bound estimates for large class of elliptic integro- 
differential equations in i?'*. Moreover, we investigate separability properties of 
parabolic convolution operator equations that arise in heat conduction prob- 
lems in materials with fading memory. Finally, we give some remarks on 
optimal regularity of elliptic differential equations and Cauchy problem for 
parabolic equations. 



1. Introduction, notations and background 

After pioneering works of Herbert Amann [1] and Lutz Weis [26] on operator- 
valued Fourier multiplier theorems (OFMT), theory of differential-operator equa- 
tions (DOEs) in Banach valued function spaces is improved significantly. Many 
researchers applied them in the investigation of different classes of equations es- 
pecially in maximal Lp and Bp ^ regularity for parabolic and elliptic DOE. The 
exposition of FMT, their applications and some related references can be found 
in [1] , [3] , [5] , [8 — 11] , and [26]. For the references concerning FMT in peri- 
odic function spaces, optimal regularity results for convolution operator equations 
(COE) and delay DOE see e.g. [12-14], [18], [21] and reference therein. 

Here we shall first extend the well known FMT in [27] and [23]. Then we will 
establish lower bound estimates for elliptic type integro-differential operators of 
form 

= E + E * 5^ + + ^1 * (1-1) 

k^j — 1 A;,j — 1 

where c/jj, G C, a/jj, bi G S'{R'^ , C) and ^ is a possible unbounded operator in a 
Banach space E. Particularly, we show the following Sobolev type estimates 

ll"llL,(fl^£;) < C ||iw|lL,(fl^£;) (1-2) 
for exponents 1 < q < p < oo satisfying gap condition 

1 1^2 
q p ~ d' 

Next we will prove separability for parabolic COE 

Lu = uqu' + oi * u' + boAu + bi * Au = f (1-3) 
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where f e X — Lp{R,E), ao,bo G C, ai,bi £ S'{R,C) and A is a possible un- 
bounded operator in a Banach space E. Our aim is to obtain the foUowing coercive 
estimate for (1.3) 

\\u'\\^ + \\ai * u'W^ + \\Au\\^ + \\bi * Au\\^ < C \\f\\^ . (1.4) 

Note that, model problems for (1.3) are heat conduction problems with fading 
memory, population dynamic problems, etc. These problems can be inferred from 
(1.3) by choosing A as a second order elliptic differential operator and E = Lr{B?) 
along with appropriate boundary conditions. For physical interpretations and for 
detailed information about problems with fading memory see e.g. [15] and [19]. 

In the last section we will give some remarks on well-known results concerning 
parabohc and elliptic DOE. 

Let a = (ai, a2, ■ • • , q:„), where ai are integers. An £J-valued generalized func- 
tion -D"/ is called a generalized derivative in the sense of Schwartz distributions, if 
the equality 

<D"f,^>= (-1)I«I 

holds for all (p G S. 

The Fourier transform F : S{X) — > S{X) is defined by 

{Ff){t) = fit) = J eM-its)f{s)ds 

is an isomorphism whose inverse is given by 

{F-'f){t) = m = (277)-^ I eMits)f{s)ds, 

where f € S{X) and t € . It is clear that 

for all / e S'<{R";E). 

Let C be a set of complex numbers and 

S^^{^; CeC, largei <^},0<ip<n. 
Suppose El and E2 are two Banach spaces. B {Ei,E2) will denote the space of all 
bounded linear operators from Ei to S2. 

A linear operator A is said to be (^-positive in a Banach space E, with bound 
M if D (A) is dense in E and 

{A + xiy' <Mil + \X\)-' 

for all A e S*^, with G [0, tt) ,where M is a positive constant and / is identity 
operator in E. 

E {A^^ denotes the space D (^^) with graphical norm 



\VA\e(ai>) = \ + 11^ "II ) A<p<oo, -00 <9 <oo. 
We indicate mixed derivative in the following form 



dxk J 
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Suppose Q C K". Then Wp {n;Eo,E) is a space of functions u G Lp{Q;Eo) such 
that Z)[u eLp {Q; E) and 

n 

ll^llw^(a;Bo,B) = ll^llLp(n;Eo) + X] ll-^fc^lLpCQ-.B) < 

fe=l 

For £;o = the space {n- Eq, E) wiU be denoted by {VL; E) . 

2. Lq Lp FMT 

In this section we shall study scalar- valued FMT from Lq{X) to Lp{X) for 
1 < q <p < oo. Let us first introduce some basic definitions and facts. 

Definition 2.0. A Banach space X is called UMD space if X-valued martingale 
difference sequences are unconditional in Lp (i?''; X) for p G (1, cxo) . i.e. there exists 
a positive constant Cp such that for any martingale {/fc, k G Nq} (see [6, § 5.] [17]), 
any choice of signs {e^, k G N} e {—1, 1} and N 



N 



fo + ^ £k {fk — fk-l) 

' Lp{n,Y,,ij,,X) 

It is shown in [2] and [4] that a Hilbert operator 



< Cp \\fN\\Lp{n,i:,n,x) ■ 



{Hf) (x) 



f{y) 



lim 

£^0 J X — y 

\x-y\>e 



dy 



is bounded in the space Lp{R,X), p G (l,oo) for only those spaces X, which 
possess the UMD property. UMD spaces include e.g. Lp, lp spaces and Lorentz 

spaces Lpq, p, q <E (l,oo). 

Definition 2.1. Let X and Y be Banach spaces. A family of operators r C 
B {X, Y) is called i?-bounded (see e.g. [5] and [11]) if there is a positive constant C 

and p G [1, oo) such that for each G N, Tj G r, Xj G X and for all independent, 
symmetric, {— 1, 1} —valued random variables Vj on a probability space (0,1], /it) 
the inequality 



N 




N 






< c 








Lp{n,Y) 




Lp{n,x) 



is valid. The smallest such C is called i?-bound of r, we denote it by Rpir). 

Let us note that wide classes of classical operators arc i?-boundcd. (sec [10] 
and reference therein). The basic properties of i?-boundedness are collected in the 
recent monograph of Denk et al. [5]. For the reader's convenience, we present some 
results from [5]. 

(a) The definition of i?-boundedness is independent of p G [1, oo). 

(b) If T C B {X, Y) is i?-bounded then it is uniformly bounded with 

sup{||r|| : Tg r} < Rpir). 

(c) If X and Y are Hilbert spaces, t C B {X, Y) is i?-bounded <;=^ r is uniformly 
bounded. 
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(d) Let X, Y be Banach spaces and ri, T2 C B{X,Y) be i?-bounded. Then 

Ti+T-2 = {T + S:T&Ti, 5 G rs} 

is i?-bounded as well, and Rp{Ti + T2) < Rp{Ti) + Rp{T2) ■ 

(c) Let X, Y, Z be Banach spaces and ri C B{X, Y) and T2 C B{Y, Z) be 
i?-bounded. Then 

TiT2 = {ST : T e ri, 5 e T2) 

is i?-bounded as well, and Rp{TiT2) < Rp{Ti)Rp{T2)- 

One of the most important tools in i?-boundedness is the contraction principle 
of Kahane. We shall frequently apply it in the next sections. 

[5, Lemma 3.5.] Let X be a Banach spaces, n & N, Xj € X, rj independent, 
symmetric, {— 1, 1}- valued random variables on a probability space (0,1], yu) and 
ctj^Pj e C such that \aj\ < | , for each j = 1, • • -jN. Then 



N 




N 






< 2 












Lj,(n,x) 



The constant 2 can be omitted in case where aj and (3^ are real. 

Theorem 2.2. Let X be an UMD space and 1 < g < p < 00. If for a bounded 
function V : -R'^\ {0} ^ C 

sup |i)«V(OI , C e ii^ {0} , a < (1, 1)} < 00 (2.1) 



then 



Lp{R<l,Y) 



V'(-)/(-) 



<c\ 



\Lg{R<i,X) 



for all / e S'(i?'',X). 

Proof. The main idea is to apply Lp Lp FMT along with Sobolev embedding 

d(- — — ) 

and to use nice properties of a function s(<) = 1^1' " ■ Since tp satisfies the general 
Miklin's condition i.e. 

sup{|e|l"l+<^-^)|i5«V(0U eei?^{0}, a<(l,...,l)}<C, 

s ■ satisfies classical one i.e. 

sup{|^|l"l \D'^{sm)\, Ce^i'\{0}, a<(l,...,l)}<C. 

Therefore applying the Sobolev embedding theorem and by using the definition of 
homogeneous Sobolev spaces (in the sense of Riesz potentials) we get desired result: 



Lp{R'';X) 



< K 



= K 



= K 



l.l4l-^)v,(.)/(-) 

(stp) /(•)] 



L,(R<i;X) 

<C\\.f\\ 



L^{R'i;X) ' 



The following result is extended version of operator valued Miklin theorem in 
[23]. Theorem 2.3 can be proven in a similar manner as Theorem 2.2. 
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Theorem 2.3. Let X and Y be UMD spaces and 1 < q < p < oo. If for a 
bounded function M : R'^X {0} ^ B{X,Y), 



D"'M{x), X e R'^X {0} , (a < 1, 1) } < oo (2.2) 



then 



for all / e S{R'^,X). 



M{-)f{-) 



<c\ 



3. SOBOLEV TYPE ESTIMATES FOR (1.1) 

Let us consider the second order elliptic integro-differential equation (1.1) in i?''. 
Here we characterize conditions on coefficients of (1.1) so that they imply Sobolev 
type estimate (1.2). 

Since we utilize Fourier integral methods we naturally impose conditions on sym- 
bols. Therefore, to avoid contradictions due to Riemann-Lebesgue lemma we make 
some auxilary assumptions along with certain regularity and ellipticity conditions 
on coefficients of L. 

Definition 3.0. Let be a Banach space and D {A) dense in E. A (^-positive 
operator A is said to be i?-positive if the following set 

{(1+0(^ + 0"': i&S^, <pe[0,7r)} 

is i?-bounded. 

In what follows R will denote the set of real numbers excluding zero i.e. R''^ = 
R'^/ {0}. 

Condition 3.1. Suppose the following are satisfied: 

(1) Ckj,bo G C, akj,bi e S'{R'^,C), aujM e C\R\C) and 



&o + 6i(0 

(2) There exists a constant C such that 



Cb= inf 



>0; 



1^(01 = 



fe,i=i 



>C|e| ; 



(3) 



^(C) = , ^}^\ e for ^ e [0, tt) ; 



&i(0 + &o 

(4) there are some constants Cj such that for all ^ G i?"^ 



l/3| 



1/31 



< Co for all k, j = 1,2,- ■ ■, d, 



where /3j e {0, 1} and < |/3| < d. 
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Theorem 3.2. Suppose E is an UMD space and Condition 3.1 holds. Let A be 
an _R-positivc operator in E with < <p < tt. Then, (1.1) satisfies Sobolev type 
estimate (1.2) for exponents 1 < q < p < oo satisiying gap condition 

q p d 

To prove our main result we will need the following preliminary lemmas. 

Lemma 3.3. Let A be an ii-positive operator in E and assume Condition 3.1 
holds. Then the following set 



is ii-bounded where 



Proof. Since rj (^) e for ip G [0, tt) , from [7, Lemma 2.3] there exist K > 
independent of ^ so that 

Therefore, for all ^ G we have uniform estimate 



1^1 



d(i-i) 

V g p / 



1 



< K 



1^1 



Now let us define families of operators 

Tl 

and 



< K 



< 



r2 = {s^ = {1 + 71 {e)) [A + 11 {e)) ' ; e R"} ■ 

Taking into consideration i?-positivity of A, applying assumptions of Condition 3.1 
and Kahane's contraction principle [7, Lemma 3.5] we get desired result; 



N 










X 



N 

Vr — 

\h{e)+bo){i+rj{e)) 



SjXj 



X 



K 



where X = Lp{{0, 1), E). Hence 



N 



< 2-Rp{T2) 



X 



N 

E 



X 



RpiTl) < 2KRp{T2). 

■ 

In the next lemmas we will estimate ii-bounds of partial derivatives of (t(^). 

Lemma 3.4. Let A be an i?-positive operator in E and assume Condition 3.1 
holds. Then, the following set 
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is i?-bounded. 

Proof. It clear to see that first derivative of 0-(^) consist of 3 terms namely 



^^3(0 = 



MO + bo J 

For the sake of simplicity we will only estimate i?-bound of the set 
Define a family of operators 



Making use of Condition 3.1 and i?-positivity of A wc get 



JV 










X 



N 

E 



V 9 P / 



t ' hie) + bo (b,{e) + bo){l + v{e)) 



SjXj 



X 



< 2^^ 
- CCb 



N 



<2§gi?,(r.) 



X 



N 

i=i 



3-^3 



X 



which implies 



i?p(T)<2|gi?,(r2). 



In a similar fashion one can also prove 

i?||^|i+<|-i)<jj(0 :^g^<i| <M. 

Hence we get assertion of the lemma. I 

The next result is generalization of Lemma 3.4. We will omit the prove since it 
analogously follows from previous results. 

Lemma 3.5. Assume A is an i?-positive operator in E and Condition 3.1 holds. 

Then, the following set 

I i&R'^, a <'=°'"P™'''' (1,...,1) } 

is i?-bounded. 

Proof of Theorem 3.2. Suppose Lu = f for some f G Lg ^R'^-jE) . Taking 
into consideration Condition 3.1 and applying the Fourier transform to both side 
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of equation we get 
u {x) 



A 



/(C) 



Now it is easy to see that (1.2) is equivalent to Lq (^R'^;E^ — > Lp (^R'^;E^ bound- 
edness of above Fourier multiplier operator. Since the operator-valued multiplier 
function 



A- 



satisfies assumptions of Theorem 2.3 we complete the proof. ■ 

4. Optimal regular Parabolic COE 

Due to its nice applications, many researchers investigated (1.3) in various func- 
tion spaces. The Besov space regularity for (1.3) is studied in [1] and the Holder 
space (C" with < a < 1) case is presented in [14]. Moreover, maximal regularity 
results for (1.3) in different periodic function spaces can be found in very recent 
paper [12]. 

Here we study the same problem in Lp{R,E) under some natural assumptions 
on coefficients. The main tool we implement here will be FMT of Weis [26] . First 
we state our assumptions: 

Condition 4.1. Suppose the following are satisfied: 
(1) ao,6o G C, ai,6i e S'{R,C), ai,Si e C\R,C) and 



lim inf ]ao + oi(^)| > and inf 6o + 6i(^) 



= Cb>0 



(2) 



«C (ai(0 + do) 



biiO + bo 
(3) There are constants Cj such that 

d 



G 5^ for <fi e [0, tt) ; 



ai(OI < Co 

biiO 



< C 



2, 



< Cs, for ah i€R. 



Theorem 4.2. Assume E is an UMD space and Condition 4.1 holds. Let A be 
an i?-positive operator in E with < < tt and 1 < p < oo. Then, the equation 
(1.3) has a imique solution u G Wp{R,E{A)-,E) satisfying (1.4). 

Proof. Taking into consideration Condition 4.1 and applying the Fourier trans- 
form to both side of (1.3) we get 



where 



r/(0 = iC(«i(0+«o)MO 
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and 



Since 



M0 = 



\Lp{R,E) 



m*U\\Lp(R,E) = 



\\At 



lLp(H,E) 



and 



Lp{R,E) 



Lp{R,E) 



MO^(A + r;(e))-V(0 



Lp(R,E) 
Lp{R,E) ' 



Lj,{R,E) 



\\bl*M\L,(R,E) 

it suffices to show 
and 

mii0^hiOmA{A + r,{i))-' 
are Fourier multipliers in Lp{R, E). Therefore, we will prove in several steps that 
mi(^) satisfy (2.2) for p = g' and d=l. 

First we show that = |mi(^) : ^ e i?| are ii-bounded sets. 

Lemma 4.3. Let E be an UMD space and A be an i?-positive operator in E 
with < < TT. If Condition 4.1 holds then Si = |mi(^) : ^ G are ii-bounded 
sets. 

Proof. As in Lemma 3.3 for all ^ € .R we have uniform estimates 



li+'fCS)! 



< 



< 



1 



^ 1 



|ai(0 + ao| \ii\+Cb 



<K, 



H0\ 



< 



and 



^1(0 KOI ^ < g 

Now let us define families of operators 



C2 
'b 



and 



i = {t; = rriiiey, e e ^} for i = O, • • ■, 4 
{Sj = (1 + 77 (f )) (A + r? (e))'' ; f e ^} . 
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Taking into consideration i?-positivity of A, applying assumptions of Condition 3.1 
and Kahane's contraction principle [7, Lemma 3.5] we get 



N 




E 








N 




E 
j=i 





< 2KRp{T) 



N 

E 

i=i 



X 



N 



X 



and 



which implies 



E rjTfxj 



< 2KCoRp{T) 



X 



N 



X 



Rp{ro) < TrRpi-r), Rpi-ri) < 2KRp{T) and Rp{T2) < 2KCoRp{T). 

Finally, in view of resolvent properties of positive operators and again by [7, Lemma 
3.5] we deduce 

Rp{T3) = R [/ - viO {A + viOr'] : ^ e ^} 



< 



and 



1 _^ 2 
Cb Cb 



< ^ + — -Rp(t) 



Rp{r,) < -^ + -^Rp{r). 
Oft Cb 



Next we will estimate derivatives of operator valued functions mi(^). 

Lemma 4.4. Let E be an UMD space and A be an i?-positive operator in 
E with < if < n. If Condition 4.1 holds then Si = |c^mi(^) : ^ G i?| are 
i?-bounded sets. 

Proof. For the sake of simplicity we shall prove only for So- The other cases 
can be proved analogously with the help of above techniques. Taking derivative of 
mo and applying similar ideas as in Lemma 4.3 we get desired result: 

R {^^™o(o} < R I |^|^'"(o + mr']+R {ri'mm [A + vior'} 



< ^Rp{r) 



< 00. 



Corollary 4.5. Let E be an UMD space and A be an i?-positive operator in 
E with < (fi < n. If Condition 4.1 holds then TOi(^) are Fourier multipliers in 
Lp{R, E) tov 1 <p < 00. 
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Since mi{^) are Fourier multipliers we complete the proof of Theorem 4.2. I 

Example 4.6. As an application of our main result we can give a heat con- 
duction problem in materials with fading memory. Really, choosing E = Lq{Q), 
A = --£^ + c, ai{t) = e-™!*!, bi{t) = e-'^l*! in (1.3) we obtain the following 
integro-differential equation 

oo 

dtu+ J e-'^\*-'\dtu{s,x)ds = 

— OO 

OO 

= f{t,x) + {d^^-c)u+ j e-^^^-''\d^^-c)u{s,x)ds, 

— OO 

u{t,x)^(zoQ, = 0, 

where / G X = Lp{R; Lq{fl)) — Lp^q{R x il), c,m, k > and dil is a sufficiently 
smooth boundary. Since all assumptions of the Condition 4.1 are satisfied, the above 
equation has a unique solution 

u G W^^^^'^ {Rxn) = {u {t, x) gX : dtu, d^^u e X, and u{t, x)^edQ = 0} 

satisfying coercive estimate 



^ C/.x 



<C\ 



X 



\x ■ 



5. Remarks on Parabolic and Elliptic DOE 

In recent years Lutz Weis [26] and Herbert Amann [1] established maximal 
Lp(E) and B^^(E) regularity for abstract cauchy problem 

u'{t)+Au = f{t) 

(5.1) 

u(0) = 

Here based on obtained FMT, we shall give some remarks on (5.1). 

Remark 5.1. Let E be an UMD space. Suppose A is an i?-positive operator in 
E i.e. 

i?|(l + A)i?(A,A) : A G 5^ for I < < 7r| < 00. (5.2) 
Then for each / G Lq(R'^; E), (5.1) has a unique solution 

«e fl Le{R+;E)f]W^{R+,E{A),E) 

q<e<oo 

satisfying coercive estimate 



(5.3) 



Since ^ is a generator of bounded analytic semigroup Tt, solutions of (5.1) can be 
represented in the form of 

t 

u{t) = J Tt_, f{s) ds 
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where 
Therefore, 

and 



Tt_, = T(i-s) = e-^(*-«). 
t 

u'{t) = fit) - J ATt-s f{s) ds. 



t 

Au{t) = J ATt-s f{s) ds. 



Now, it is easy to sec that maximal Lq{R^-,E) to Lg{R'^;E) regularity of (5.1) is 
equivalent to the boundedness of operator 

oo 

Kf{t) = (AT) *f^f ATt.s{f{s))ds = F-i UaT)' (•)/(■) 



where 



ATt for t>0 

<o ■ 



In order to show 



\m\Li,{R+;E) 



< CI 



lL,(iJ+;E) : 



and 



\Hw^iR+,E{A),E) < C , for 1< g < 61 < 00 

it suffices to prove 

mo(i) = {Ty{t)=R{it,A) 

and 

mi{t) = {ATy{t) = AR{it, A) {t) = itR{it, A) - I 
are Fourier multipliers. Hence, we have to show 



and 



R^\t\^~^mi{t) I t e i?\{0}| < Ci 
R^\t\'+^-^f^mi{t)\tGR\{0}^<C2, 



(5.4) 



(5.5) 



for i = 0,1. For the function toq, (5.4) and (5.5) hold for each 6 satisfying 1 < g < 
6 < 00 due to (5.2). However for the second function we have 



\t\i "mi 



<C\t+-^-^\\R{it,A)\\<C^ 



+ t 



which implies that the right hand side is unbounded whenever q < 9. Thus (5.4) 
and (5.5) do not hold for mi unless q = 6. Eventually, (5.1) has a unique solution 

«e fl Lo{R+;E)f]W^{R+,E{A),E) 

q<e<oo 

satisfying the coercive estimate (5.3). ■ 
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Remark 5.2. Let E be an UMD space and A be an i?-positive operator in E. 
Then for each / G Lq{R; E), the following elUptic DOE 

-u"{t) +Au = f{t) (5.6) 

has a unique solution 

«G fl Wl{R;E)[^W^{R-E{A),E) 

q<0<oo 

satisfying coercive estimate 

\\^A\w^{R:E(A).E) + \\'^\\w^{R:E) - ^ \\f\\Lg(R;E) ■ 

Applying Fourier transform to equation (5.6), wc obtain 

[e+A]uio^m- 

Since A is i?-positive, solutions of (5.6) can be represented in the following form 

(5.7) 

By using (5.7), we get 

-1 



F \\L,{R;E) 
\\M\Le{R;E) 
\\u"\\Le{R;E) 



u{x)=F-'[A + e]-'f. 



A{A+e)-^f 



F-'ieiA+er^f] 



Le{R;E) 



LeiR;E) 



La(R;E) 



Therefore, it suffices to show operator-functions 

^o(o = [A+ e]-\ ^i(o = ^{A + e)-\ <y2{o = e{A + er 

and 

cj:,{^)=A[A+e\-^=i-e[A+e]-' 

are Fourier multipliers. Applying similar techniques as in the Remark 5.1 one can 
easily show that (jj are FMT. ■ 



Example 5.3. As an application of the Remark 5.1 we can give a mixed problem 
for infinite system of diffusion equations i.e. 

_(A + c)«,(t,x)=A(t,a;), 

for A; = 0, 1 • • • . (5.8) 



dt 



uk{0,x) = 0, Uk{t,x)\xeaG = 

We assume c > 0, 1 < q < oo, p e (l,oo), E = Lp{G]lp), A = —(A + c) and 
E{A) = W^{G;lp). Here G C i?" and u € W^{G;lp) is assumed to satisfy a 
boundary condition u\dG = 0. Then, for each / G Lq{R^;E) (5.8) has a unique 
solution 

«G fl Le{R+;Lp{G;lp))r\W^{R+,E{A),E) 

q<0<oo 

and the following coercive estimate holds 

\\'^\\w^{R+,E{A),E) + Lp{G;lp)) - ^\\f\\Lg{R+; Lp(G;lp)) ' 
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Remark 5.4. The FMT play an important role in the study of embedding theo- 
rems. For instance, under certain abstract conditions on a Banach space E, author 
proved in [20] that 

i?" : (Q; E (A) ,E)-^Lq (n- E (A^-^)) 
is continuous for x = — j — - < 1, and the Gagilardo-Nircnbcrg type sharp estimate 

holds tov allu G {il; E {A) , E) , 1 < p < q < oo, < ^J. < 1-x and < h < ho < 
00. However, using the same techniques as in [20] and applying Theorem 2.3 one 
can remove this combined assumption on E. Note that these embedding theorems 
play key role in the theory of DOE, especially in estimation of lower order terms in 
DOE of type e.g. 

~u"{t)+Ai{t)u'it)+Auit) = fit) 
where Ai (t) is a variable and generally unbounded operator. More general form of 
above equation and the embedding theorems are studied in [21-22]. 
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